We obtain an approximate global stationary and axisymmetric solution of Einstein's equations which can be thought as a simple two layers star model: a self-gravitating ball built up by two layers of perfect fluid having different linear equation of state moving in a rigid motion pattern. Using the post-Minkowskian formalism (weak-field approximation) and considering rotation as a perturbation (slow-rotation approximation), we find approximate interior and exterior (asymptotically flat) solutions to this problem in harmonic coordinates. Interior and exterior solutions are matched, in the sense described by Lichnerowicz, on the surfaces of constant pressure, to obtain a global solution.
Introduction
Stellar models for rotating stars are built matching an interior space-time describing the source and the exterior space-time that encloses it. A good candidate for the interior solution could correspond to a stationary axisymmetric perfect fluid without extra symmetries and which admit a zero pressure surface.
Summing to the difficulty of finding suitable interiors, there are the ones arising from the matching with the asymptotically flat exterior. It is an overdetermined problem [1] so in general we can not find an exterior that matches a given interior. Such seems to be the case for Wahlquist, [2] where the derivations of the impossibility of matching it with an asymptotically flat exterior come from the analysis of the shape of its surface and involve approximations. [3] , [4] We have built approximate solutions of the Einstein equations which describes the gravitational field inside a ball of perfect rotating fluid. We have studied fluids with a linear EoS [5] , [6] , [7] or with a polytropic equations of state, [8] and also differentially rotating fluids with a linear EoS [9] . We have solved all these problem in harmonic coordinates.
Within the class of analytical solutions for these problems there is a very known approach due to Hartle, [10] , [11] , [12] where also an approximation scheme to find solutions is used. This approach begin with a spherical symmetric exact solution in the null rotation limit and a slow rotation perturbation method is implemented. The main problem for this approach is that there is no an exact analytical solution and at the end a numerical approach is required, another problem is the difficulty of the Hartle approach to obtain higher order solutions in the slow rotation parameter ω. Nevertheless higher orders of ω have been obtained. [13] Our approximation scheme consist in a slow rotation approximation on a post-Minkowskian algorithm. We introduce two dimensionless parameters. One, λ, measures the strength of the gravitational field, the other, Ω, measures the deformation of the matching surface due to fluid rotation. With this two parameters method higher order analytic solutions can be easily obtained except for the polytropic EoS where the results can be only implicitly obtained in terms of the Lane-Emdem equation and its integrals.
If there is no rotation (Ω = 0), we are faced to the post-Minkowskian perturbation of the gravitational field for a spherically symmetric mass distribution. On the other hand, Newtonian deformation of the source due to rotation is included in the first order λ terms up to some order in the rotation parameter.
In our previous articles we have computed terms of order less than or equal to Ω 5 and λ 5/2 ; that is, we have gone beyond a simple linear analysis but no so far to compute strong non-linear effects. However, since the algorithm is implemented by an algebraic computational program, our results can easily be enhanced, if so desired, by going farther in the approximation scheme.
In this paper we are going to build a solution up to first order in the parameter λ for a rotating ball of perfect fluid with a linear EoS µ+(1−n 1 )p = µ 1 (core) surrounded by a co-rotating thick layer with EoS density µ + (1 − n 2 )p = µ 2 and we will match this interior solution with an asymptotically flat vacuum space-time. We have computed the global metric with terms of order λ 5/2 and Ω 3 , nevertheless in this paper, due to the length of the expressions obtained we only give the terms up to the order λ 3/2 and Ω 3 . In this paper we have included some repetitive content, for instance in the next section, with respect to our previous work but also there are some incompleteness that can be solved by looking at our previous articles. [5] , [6] , [7] 2 The metric and energy-momentum tensor
The solution we are looking for is a stationary, axisymmetric and asymptotically flat space-time that admits a global system of spherical-like coordinates {t, r, θ, ϕ}.
Our coordinates are adapted to the space-time symmetry, ξ = ∂ t and ζ = ∂ ϕ , which are respectively the time-like and space-like Killing vectors; so that the metric components do not depend on coordinates t and ϕ, and the coordinates {r, θ} parametrize two-dimensional surfaces orthogonal to the orbits of the symmetry group. Then we have:
where ω t = dt, ω r = dr, ω θ = rdθ, ω ϕ = r sin θdϕ is the Euclidean orthonormal co-basis associated with these coordinates.
Furthermore, coordinates {t, x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = cos θ} associated with the spherical-like coordinates are harmonic and the metric in these coordinates tends to the Minkowski metric in standard Cartesian coordinates for large values of the coordinate r.
We assume that the source of the gravitational field is a perfect fluid,
whose density and pressure p are functions of the r and θ coordinates. Moreover, we assume the fluid has no convective motion, so its velocity u lies on the plane spanned by the two Killing vectors,
where
is a normalization factor, i.e., u α u α = −1. Let us consider the Euler equations for the fluid (or the energy-momentum tensor conservation law, which is equivalent) for rigid motion we have:
For a barotropic fluid, µ(p) the integrability conditions for (5) are already satisfied.
Therefore the solution of equations (5) is implicitly defined by the equation
Since p must be a function of ψ it will determine the surfaces p = constant this surface can implicitly be defined as:
where ψ Σ is an arbitrary constant. Equation (6) and (7) play an important role in our scheme. We use them to derive approximate expressions for the pressure and the matching surface in a coherent way with the expansion for the metric we propose below.
Given an equation of state (EoS), we can integrate the left-hand side of (6) and even obtain explicit expressions for the pressure and density. For instance, a linear equation of state, µ+(1−n)p = constant, with the condition of constant pressure on Σ 1 the surface which give the matching between the two fluid and if for the core we take n = n 1 and the constant equal to µ 1 we obtain for the pressure and the density
For the exterior layer we take n = n 2 , the constant equal to µ 2 , and as the pressure in the exterior matching surface must be zero and the constant value for the ψ equal to ψ Σ 2 then we obtain
in the expressions (8), (9) as the pressure must be the same computed from the core or from the crust then on the interior matching surface
this equality determine the constant k in terms of the constants of the EoS and the values of ψ Σ on both surfaces
3 Approximation scheme
As in our previous work [6, 7, 8, 4] on the rigid rotation problem, we introduce a post-Minkowskian dimensionless parameter, λ = m/r 0 where m is the Newtonian mass, r 0 is the radius of the non rotating source. If r 1 is the radius of the interior core a good estimate of the total Newtonian mass is
That means that the mass and the density taking into account the definition of λ begin to order λ furthermore if we define the mean Newtonian density as 3m/(4πr 3 0 ) = 3λ/(4πr 2 0 ) we can redefine the density of the layers in terms of this mean density
, then the equation (11) leads to
is the ratio of the radius of the interior and exterior layers for the nonrotating source. The above expression (12) means a relationship among the parameters densities and the radius of the core and the source radius. Then in terms of ε 1 and ε 2 , τ may be written
And as in our previous work we introduce another dimensionless parameter, Ω = λ −1/2 ωr 0 , that is a good estimate of the ratio between the gravitational and the rotational energies on the surface of the source.
Moreover, we have assumed the following expansion of the metric components, (see [6] ) for the interior and exterior metrics (we will not use labels to distinguish between exterior or interior metrics whenever it can be clearly understood to which of them we are referring).
With these metric behavior we obtain the following approximate expression for ψ
and we can also write ψ Σ = 1 + λS Σ , if we substitute this expansions in the equations for the pressure and density (8, 9) and in (10) we obtain that
Vera, R. with this dependences on λ from equations (8), (9) we obtain that the density begin to order λ and the pressure to order λ 2 , i.e. to first order in λ the results for a linear EoS are the same that for a constant density EoS.
First-order metric in harmonic coordinates
As in our previous papers [6, 7, 8, 4 ], here we use the post-Minkowskian approximation scheme.
In those references, the resulting equations and notation are explained.
Linear exterior solution
The inhomogeneous part of the linear exterior equations is zero, i.e.:
t αβ = 0 and the equations to solve are:
We are going to assume equatorial symmetry and the same dependence of the metric on the expansion parameters as in our previous work [6, 7] (M n ∝ Ω n , J n ∝ Ω n ). So, the exterior metric up to order λ and Ω 3 can be written in terms of the spherical harmonic tensors as:
where η ≡ r/r 0
are spherical harmonic tensors, and P n are the Legendre polynomials and P m n the associated Legendre functions. We have not written the gauge terms because to this order in λ are not needed for the matching. The gauge terms for the interior or exterior solution define different harmonic coordinates sets and are only needed when we match the interior with the exterior metric, but for this particular solution to first order they are zero, and for this reason we do not write them here.
Let us remark that in this approximation order M 0 and J 1 can be polynomials of first order in Ω 2 and M 2 , J 3 are pure numbers. To obtain the exterior metric, we must add the Minkowski part to the exterior solution for h (17), i.e.:
Linear interior solution
We will now find the interior solution for a fluid with linear EoS, in this problem we have two fluids with different densities. To this end, we need an approximate expression of the energy-momentum tensor of the fluid in both layers. Therefore, the energy-momentum tensor (2) contributes to the right-hand side of the Einstein equations by means of:
if the terms of order equal to or higher than λ 2 are disregarded.
Let us consider the following system of linear differential equations that corresponds to the linear post-Minkowskian approximation:
where t is given by (20) with ǫ → ǫ 2 . A particular solution for the inhomogeneous part is:
We can add a solution of the homogeneous equation with equatorial symmetry which in this case can be written up to order λ and Ω 3 as
The main difference between this and our previous papers is that the homogeneous part contain terms that depend on 1/r because they are not singular in this layer, and also we have skipped all the gauge terms because they are not needed for the matching to first order. As before, in this approximation order, m 0 , M 0 , j 1 and J 1 are linear functions of Ω 2 and m 2 , M 2 j 3 J 3 are pure numbers Finally, adding this homogeneous part to the inhomogeneous part, and to the Minkowski part, we obtain an approximate expression for the metric of the layer up to the order λ 3/2 and Ω 3 :
To find the core metric we proceed as before now the energy momentum tensor is also given in (20) but with ε → ε 1 then a particular solution is h inh2 given in eq. (22) with ε 2 → ε 1 which we denote as h inh1 . The homogeneous part now is shorter because the terms with 1/η are singular at the origin and then are not present, we can write for the homogeneous solution of the interior metric of the core where we have also skipped all the gauge terms which are not needed for the matching to first order
finally the metric of the core is
Matching surface
If we assume that the metric components are continuous on the matching surfaces, then we can use their exterior expressions for the exterior matching surface given by (19) and (14) to make (7) into a true equation. So we can search for a parametric form of the matching surface up to zero order in λ and up to order Ω 2 by making the following assumption:
where σ 2 must be determined from the equation (7). The function f tt can be read from (19), i.e.:
A simple calculation leads to:
We can also obtain a similar expression for ψ Σ 2 (7) in terms of the exterior constants:
We can also compute this expression in terms of the f tt of the layer but this gives an involved expression in terms of the layer constants, but once the Lichnerovicz matching is performed (i.e. the continuity of the metric) both expressions give the same result.
For the interior surface we use the same procedure r ≈ r 0 τ 1 + σ 1 Ω 2 P 2 (cos θ) .
and now we compute the expression in terms of the f tt of the core f tt = m 0 + m 2 Ω 2 r 2 P 2 (cos θ) r 
and we obtain for σ 1
as in the previous case we can also compute this expression in terms of the f tt of the layer and the same result is obtained after the matching of the core and the layer. For ψ Σ 1 we obtain
Conclusions
In this paper we have obtained a global approximate slow rotating solution in harmonic coordinates for a double layer star matched on a zero pressure surface to an asymptotically flat exterior, the solution depend only on the constants of the two linear equations of state ǫ 1 and ǫ 2 , the radius of the matching surface r 0 for the non rotation limit and the constant angular velocity Ω. First of all, let us notice that the densities are constant quantities of order λ so, to this order of approximation in λ, the density constant EoS and the linear one give the same energy momentum tensor. But once obtained the metric to order λ we can obtain the densities and pressures to order λ 2 and so the energy-momentum tensor up to order λ 2 . The pressure in the crust is p = 6λ
